
Soft Discretization to Enhance the Continuous Decision 
Tree Induction* 

Yonghong Peng 1       Peter A Flach 

Department of Computer Science, University of Bristol, Bristol, BS8 1UB, UK. 
{yh.peng, peter.flach}@bristol.ac.uk 

Abstract. Decision tree induction has been widely used to generate classifiers 
from training data through a process of recursively splitting the data space. In 
the case of training on continuous-valued data, the associated attributes must be 
discretized in advance or during the learning process. The commonly used 
method is to partition the attribute range into two or several intervals using a 
single or a set of cut points. One inherent disadvantage in these methods is that 
the use of sharp (crisp) cut points makes the induced decision trees sensitive to 
noise. To overcome this problem this paper presents an alternative method, 
called soft discretization, based on fuzzy set theory. As opposed to a classical 
decision tree, which gives only one class as the end result, the soft 
discretization based decision tree associates a set of possibilities to several or all 
classes for an unknown object. As a result, even if uncertainties existed in the 
object, the decision tree would not give a completely wrong result, but a set of 
possibility values. This approach has been successfully applied to an industrial 
problem to monitor a typical machining process. Experimental results showed 
that, by using soft discretization, better classification accuracy has been 
obtained in both training and testing than classical decision tree, which suggest 
that the robustness of decision trees could be improved by means of soft 
discretization.  

1. Introduction 

Decision trees have been successful in classifications, and various algorithms have 
been proposed for the generation of decision trees [1,2,3]. Decision tree induction 
methods such as ID3, C4.5, and CART generate a tree structure through recursively 
partitioning the attribute space until the whole decision space is completely 
partitioned into a set of non-overlapping subspaces. The original decision tree is 
restricted to attributes that take on a discrete set of values. If continuous attributes are 
involved, they must be discretized appropriately. Two typical methods have been used 
for this purpose, one of which is to partition the attribute range into two intervals 
using a threshold [4], while another is to partition the attribute domain into several 
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intervals using a set of cut points [5]. This paper concentrates primarily on the first 
approach to discretize the attribute into two intervals, as it has been used in many data 
mining tools and software. 

In both methods above, the cut points used in classical decision trees are usually 
crisp. Applications showed that these approaches could only work well for disjoint 
classes that can be separated with clearly defined boundaries. However, due to the 
existence of vague and imprecise information in real-world problems, the class 
boundaries may not be defined clearly. In this case, the decision tree may produce 
high misclassification rates in testing even if they perform well in training. To 
overcome this drawback, several approaches have been proposed, including 
probability based approaches [6,7,8], and possibility based methods [9,10]. What is 
the major cause to this issue? Given an unknown object, only one branch of tree (one 
rule) is fired at a time in classical decision tree, which may lead to opposite following 
branch when the input is close to the cut point, and thus generate a wrong result. This 
drawback could be overcome by firing multi-branches but with various certainty 
degrees. This could be implemented by means of fuzzy set theory, leading to fuzzy 
decision trees. In fuzzy decision trees the fuzzy reasoning process allows two or more 
rules to be simultaneously validated with gradual certainty and the end result will be 
the outcome of combining several results.  

The induction of fuzzy decision trees follows the same steps as that of a classical 
decision tree with modified induction criteria [11]. Yuan proposed a novel criterion 
based on the measurement of cognitive uncertainty [12], Peng proposed an alternative 
criterion based on fuzzy mutual entropy in possibility domain [13]. In these 
approaches, the continuous attributes are needed to be partitioned into several fuzzy 
sets prior to the tree induction, heuristically based on expert experiences and the data 
characteristics. In this paper, the attribute domain is discretized in the process of tree 
induction by using two fuzzy sets. These two fuzzy sets form a soft discretization. 
Furthermore, the soft discretization based induction method, including the criteria for 
attribute discretization and selection, as well as the stopping criterion of tree 
induction, is presented in detail in this paper. The effectiveness of the proposed 
method has been verified in an industrial application to monitor a typical machining 
process. The experimental results showed that, comparing to the classical decision 
tree, higher classification accuracy was obtained in testing.  

This paper is organised as following. Section 2 introduces fuzzy decision trees and 
fuzzy classification. In section 3, a brief review of induction of decision trees from 
continuous-valued data is given. The concept of soft discretization and the associated 
continuous decision tree induction is presented in section 4. In Section 5, a typical 
application is introduced to illustrate the effectiveness of using soft discretization.  

2. Fuzzy Decision Tree and Fuzzy Classification 

The potential of fuzzy decision trees in improving the robustness and generalization 
in classification is due to the use of fuzzy reasoning. Fig.1 illustrates the difference 
between classical and fuzzy decision trees. Fig.1(a) shows a classical decision tree 
based on crisp discretization, while the tree in Fig.1(b) uses soft discretization. In both 

  



decision trees, each path from the root node to a leaf node establishes a classification 
rule. Using crisp discretization, the decision space is partitioned into a set of non-
overlapping subspaces, as shown on the right of Fig.1(a), in which each data point is 
assigned to a single class. In contrast, a fuzzy decision tree gives results within [0,1], 
as the possibility degree of an object matching the class, as shown on the right of 
Fig.1(b). Fuzzy decision trees provide a more robust way to avoid misclassification. 
For example, given an object (x1=81, x2=25), the conclusion reached by the classical 
decision tree is class c3. However, if the sampled data point has moved to a new point 
with a small change of value due to noise, for example (x1=79, x2=25), then the 
classical decision tree would give a wrong result: class c2. In contrast, the fuzzy 
decision tree gives a result about the possibilities that the object belongs to classes c1, 
c2, c3, for instant π1=0, π2=0.52, π3=0.48 respectively. According to these results, the 
human users could make their final decision or perform further investigation, or a 
high-level meta-learner can be designed to learn further. As a result, the rate of 
misclassification could be reduced.  

Each branch of a fuzzy decision tree, from the root to the leaf, forms a decision 
rule, which can be represented in the format of “if  is  and ....  is .... and 

 is  then class is c
1x

ix
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A
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Amx mA j”, in which ‘  is ’.... ‘  is ’.... and ‘  is ’ are 

fuzzy decisions at nodes and the associating branches, and c
1x 1A i m

j is the class in the leaf. 
One example of rule obtained in Fig.1(b) is “if x2 is B2 and x1 is A1 then class is c2”.  
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Fig. 1. Decision tree and the decision space 

The classification for a given unknown object is obtained from the matching 
degrees of the object to each node from root to leaf. In the above example, the 
possibility of an object belonging to class  is calculated by: 2c

)](),([ 11222 xAxB⊗=π , (1) 

where the circled plus ⊗ is the fuzzy product operation (the minimum or weighted 
average is usually employed), and  and  are the membership degree of 

 to  and  to  respectively. In the same way, the possibility of the object 
belonging to each class can be calculated, {

)( 22 xB )( 11 xA

kii ~1} =

2x 2B 1x 1A
π . If more than one leaf are 

associated with a same class ci, say, the value of πI=⊕(πj) will be considered as the 

  



posibility of the corresponding class, where the maximum operation is used as the 
fuzzy sum operation ⊕. In the end, if one possibility value, such as Kπ , is much 
higher than others, that is KiK ≠>> ππ , then the class  will be assigned as the class 
of the object, otherwise the decision tree predicts a distribution over all the classes. 
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3. Inducing Decision Trees from Continuous Data 

In the induction of decision trees from continuous-valued data, a suitable threshold T, 
which discretizes the continuous attribute A into two intervals A1=[min(A), T] and 
A2=(T, max(A)], is determined based on the classification information gain generated 
by the corresponding discretization. Given a threshold, the test A≤T is assigned to the 
left branch of the decision node while A>T is assigned to the right branch. Assuming 
we are to select an attribute for a node having a set S of N examples, these examples 
are sorted according to the values of the continuous attribute A; and an ordered 
sequence of distinct values a1, a2, …aN is formed. Every pair of adjacent data points 
suggest a potential threshold T=(ai+ai+1)/2 to create a cut point and generate a 
corresponding partition of A. Fayyad had proved that only the class boundary points 
could be the cut points to obtain the maximum information in classification, which 
implies if aI and ai+1 belong to the same class, a cut point between them can not lead 
to a partition that has maximum information gain [4]. Therefore, we can generate a 
smaller set of candidate cut points from the class boundary points. Let there be k 
classes c1, c2, …ck, and let p(cj, S) be the proportion of examples in S that belong to 
class cj. The residual uncertainty in classification is expressed as the class entropy: 

jj cpE ,(log()S,S( , (2) 

After the set of example S is partitioned into two subsets S1 and S2 by a threshold 
T, the class information entropy is expressed as the weighted average of their 
resulting class entropy: 
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where , | and |S| 11 =N S| 2 =N |S  are the number of examples in S1, S2, and S, 
and  and  are the proportion of examples of class c)S,( 1jcp ,( jcp j in S1 and S2 
respectively. The cut point for which E(A,TA;S) is minimal among all the candidate 
cut points of attribute A is used; and the attribute Aj, for which the  is 

minimum, or the information gain  is maximum, will be then 
selected to generate two child nodes. In each child node, discretization and attribute 
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selection are performed again based on the partitioned examples. The above process is 
repeated recursively until a stopping criterion is matched. 

4. Continuous Decision Tree Induction based on Soft Discretization  

Soft discretization could be viewed as an extension of hard discretization, and the 
classical information measures defined in the probability domain have been extended 
to new definitions in the possibility domain based on fuzzy set theory [13]. A crisp set 
Ac is expressed with a sharp characterization function Ω∈→Ω aaAc  };1,0{:)( , 
alternatively a fuzzy set A is characterized with a membership function 

. The membership A(a) is called the possibility of A to take a 
value a∈  [14]. The probability of fuzzy set

Ω∈→Ω aaA  ];1,0[:)(
Ω A  is defined, according to Zadeh [15], 

by , where dP is a probability measure on ∫Ω= dPaAAPF )()( Ω , and the 
subscript F is used to denote the associated fuzzy terms. Specially, if A  is defined on 
discrete domain , and the probability of P(a},...,...1 mi aaa
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Let  be a family of fuzzy sets on },...{ 1 kAAQ = Ω . Q is called a fuzzy partition 

of [16] when: Ω
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A hard discretization, as shown in Fig.2(a), is defined with a threshold, which 
generates the boundary between two crisp sets. Alternatively, a soft discretization is 
defined by a fuzzy set pair which forms a fuzzy partition (Eq.(6)), as shown in 
Fig.2(b). In contrast to the classical method of non-overlapping partitioning, the soft 
discretization is overlapped. The soft discretization is defined with three 
parameters/functions, one is the cross point T, the other two are the membership 
functions of the fuzzy set pair A1 and A2: 1)()( 21 =+ aAaA . The cross point T, i.e. the 
localization of soft discretization, is determined based on whether it can maximize the 
information gain in classification, and the membership functions of the fuzzy set pair 
are determined according to the characteristics of attribute data, such as the 
uncertainty of the associated attribute. Usually, wide overlapping is used for a high 
uncertain attribute, for example, we can use the average distance of data points as the 
overlapping width. 

The fuzzy class entropy in S is defined as , 
where 
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After soft discretization, the class information entropy is calculated with the 
probability of fuzzy partition, as: 
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where , , , and 

, (k=1,2). Similar to classical decision induction, the 

information gain, , is used as the criterion to generate the best 
discretization for the corresponding attribute.  
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(b) Soft discretization with fuzzy partition (a) Hard discretization with a threshold 

Fig. 2.  Hard discretization and soft discretization 

The details include eight steps, as following: 
Step.1: Assume current node contains N examples, denoted as S, sorting the examples 
according to the values of A generates a sequence of ordered values a1,a2,….aN; 
Step.2: Generate candidate cut points T=(ai+ai+1)/2 using the class boundary points; 
Step.3: Fuzzify the cut points to generate candidate soft discretizations, by using the 
fuzzy set pair, A1 and A2, which form a fuzzy partition on the cut point; 
Step.4: Evaluate each candidate soft discretization using Eq.(5); 
Step.5: Select the soft discretization having a minimum value of , to attribute A. FE
Step.6: Repeat Step.1-Step.5 to generate the soft discretization for other attributes; 
Step.7: Select the attribute Aj, whose discretization has the minimum value of 

 to generate two child branches and nodes; )S;,( TAEF

Step.8: Calculate the truth level for each of two branches: 
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If η1≤α or η2≤α, then delete the corresponding branches. If  η1>α or η2>α, then 
calculate the truth level of each branch belonging to the jth class: 

21 S

2
2S

1
1

)(
    ,

)(

F

ca i
j

F

ca i
j N

aA

N

aA
jiji ∑∑ ∈∈

== µµ . 
(12) 

  



If  or  then the corresponding branch is 
terminated as a leaf, and this leaf is assigned as the class c

βµ ≥= )(max 11 j
k
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k
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j. Otherwise, the S is 
partitioned into S1 and S2: 
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and the above steps are repeated for each child nodes until the above criterion 
(Eq.(11) or Eq.(12)) are satisfied. Usually, α = 0.1~0.2, β = 0.8~0.9 and λ = 0.5 can 
be selected. Smaller α and bigger β will generate a bigger tree with higher accuracy in 
training. However, when the data is uncertain/noisy, too smaller α and too bigger β 
can cause the induced decision tree to become over-fitted.  

5. Application to Machine Fault Diagnosis under Uncertainties 

The proposed method has been successfully employed in an industrial application of 
diagnosing the conditions of tapping process. Tapping is a typical machining process 
to make threads inside a hole, which often suffers from operating problems. Usually, 
the malfunctions of the tapping process can be divided into five classes: (1) normal 
condition, (2) tap wear, (3) hole undersize, (4) hole oversize, and (5) misalignment. 
Diagnosis of the tapping process is required to ensure the quality of products [17,18]. 
Totally, 8 features were extracted: (1) the peak torque (x1); (2) the mean torque (x2); 
(3) the variance of the torque (x3); (4) the mean of torque in retraction stroke (x4); (5) 
the mean of thrust force (x5); (6) the covariance of torque and thrust force (x6); (7) the 
correlation of torque and thrust force (x7) and (8) the correlation of torque and thrust 
force in retraction stroke (x8). To show the effectiveness of the proposed method, a set 
of experiments under different machining conditions has been performed. A total of 
80 training and 40 testing examples were collected independently.  
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The C4.5 decision tree learning algorithm has been applied to generate the 
classification rules from the given 80 training examples. The generated decision tree 
is shown in Fig.3. Using this decision tree, all the 80 training data points can be 
classified correctly, however, three out of 40 test examples are misclassified, as 
shown in Table.1. That means, even if a high accuracy has been obtained in training, 
the performance in testing can not be guaranteed yet.  

Let α be 0.1, β be 0.8 and λ be 0.5, a soft discretization based decision tree has 
been induced using the presented method, as shown in Fig.4. The corresponding soft 
discretization, defined by fuzzy set pair, is shown in Fig. 5. Both the 80 training data 
and 40 testing data have been used to verify the classification capability of the 
generated decision tree. The possibilities (πj, j=1~5) of each data point belonging to 
each class (cj) are calculated according to Eq.(1). The class having the maximum 
value of possibility (as underlined) is selected to represent the machining condition. 
The result for testing data is tabulated in Table 1. For comparison, the results obtained 
by C4.5 and C4.5 with boosting are shown in Table.1 also. It is showed that all the 
training and testing data have been correctly classified by the soft discretization based 
decision tree. Moreover, the results of soft-discretization decision tree are more close 
to human reasoning, and, more important, which is more reliable in decision-making. 
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Table 1. Classification results of testing data 

 
No 

 
Class 

 
π1 

 
π2 

 
π3 

 
π4 

 
π5 

 
Soft 

discretization 

 
C4.5 

 
C4.5 

boosting 
1 1 1 0 0 0 0 1 1 1 
2 1 0.9167 0 0 0 0.0833 1 1 1 
3 1 1 0 0 0 0 1 1 1 
4 1 1 0 0 0 0 1 1 1 
5 1 1 0 0 0 0 1 1 1 
6 1 1 0 0 0 0 1 1 1 
7 1 1 0 0 0 0 1 1 1 
8 1 1 0 0 0 0 1 1 1 
9 2 0 1 0 0 0 2 2 2 
10 2 0 1 0 0 0 2 2 2 
11 2 0 1 0 0 0 2 2 2 
12 2 0 1 0 0 0 2 2 2 
13 2 0 1 0 0 0 2 2 2 
14 2 0 1 0 0 0 2 2 2 
15 2 0 1 0 0 0 2 2 2 
16 2 0 1 0 0 0 2 2 2 
17 3 0 0 1 0 0 3 3 3 
18 3 0 0 1 0 0 3 3 3 
19 3 0 0 1 0 0 3 3 3 
20 3 0 0 1 0 0 3 3 3 
21 3 0 0 1 0 0 3 3 3 
22 3 0 0 1 0 0 3 3 3 
23 3 0 0 1 0 0 3 3 3 
24 3 0 0 1 0 0 3 3 3 
25 4 0 0 0 1 0 4 4 4 
26 4 0 0 0 1 0 4 4 4 
27 4 0 0 0 1 0 4 4 4 
28 4 0 0 0 1 0 4 4 4 
29 4 0 0 0 1 0 4 4 4 
30 4 0 0 0 1 0 4 4 4 
31 4 0 0 0 1 0 4 4 4 
32 4 0 0 0 1 0 4 4 4 
33 5 0 0 0 0 1 5 5 5 
34 5 0 0 0 0 1 5 5 5 
35 5 0 0 0 0 1 5 5 5 
36 5 0.25 0 0 0 0.75 5 1 1 
37 5 0 0 0 0 1 5 5 5 
38 5 0 0 0 0 1 5 3 3 
39 5 0 0 0 0 1 5 5 5 
40 5 0.25 0 0 0 0.75 5 1 1 

  



5. Conclusions  

In the induction of continuous decision trees, the key point is to generate an 
appropriate attribute discretization at a node. The methods used in classical tree 
induction are noise sensitive, and thus prone to misclassification. Robustness and 
generalization capabilities are the major issues of continuous decision tree.  

This paper concentrates on the fuzzy set based approach for the enhancement of 
decision trees. This paper presents an alternative method, called soft discretization, to 
generate a fuzzy decision tree. Based on defining soft discretization, using the concept 
of fuzzy partition and the criterion for finding the best soft discretization, a method of 
decision tree induction is presented in detail. The experimental results showed that 
higher accuracy of classification was obtained in testing by means of the presented 
method than of classical decision trees. The experiment results suggest that the use of 
soft discretization could have the potential capability to improve the robustness of 
classification and enhance the generalization of the induced classifier.  

Though the effectiveness of the proposed approach has been illustrated in a 
particular industrial application, several theoretical issues are still open. Two of them 
are currently studied by the authors, that is, to design a method to automatically 
generate suitable membership parameters, i.e. to determine the width of the 
overlapping of fuzzy set pair, according to the characteristics of the attributes, and to 
further evaluate its performances in dealing with noise and imprecise data using 
cross-valid method based on more datasets.  
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